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ON RC-SPACES
WOJCIECH BIELAS AND SZYMON PLEWIK
Abstract. Following Frink’s characterization of completely regu-
lar spaces, we say that a regular T1-space is an RC-space whenever
the family of all regular open sets constitutes a regular normal
base. Normal spaces are RC-spaces and there exist completely reg-
ular spaces which are not RC-spaces. So the question arises, which
of the known examples of completely regular and not normal spaces
are RC-spaces. We show that the Niemytzki plane and the Sorgen-
frey plane are RC-spaces.
1. Introduction
The aim of this note is to examine a topological space in which all
regular open sets form a normal base. For a normal space, the family
of all open sets is a normal base, therefore we narrow our attention
to a completely regular space which is not normal. O. Frink defined a
normal base and, using this notion, gave the following characterization
of a completely regular space, compare [3] or [2, Exercise 1.5.G].
Theorem. A T1-space X is completely regular if and only if there exists
a base B satisfying the following conditions.
(1) If x ∈ U ⊂ X, where U is open, then there exists a set V ∈ B
such that x ∈ X \ V ⊂ U .
(2) If U, V ∈ B and U ∪ V = X, then there exist sets U∗, V ∗ ∈ B
such that X \ V ⊂ U∗ ⊂ X \ V ∗ ⊂ U.
Note that the base consisting of all co-zero sets satisfies Frink’s char-
acterization, but repeating a proof of Urysohn’s lemma one obtains a
proof of Frink’s theorem. Later, A. Zame [9] formally defined a regular
normal base as a ring of regular closed sets which is also a normal base,
see also [6]. We adapt the concept of a normal base in terms of open
sets, omitting the assumption that a base must be a ring of sets. A
base of T1-space is a regular normal base, whenever it consists of regu-
lar open sets which satisfies conditions (1) and (2) in Frink’s theorem.
Thus, any space with a regular normal base is completely regular.
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Our notation is mostly standard and follows [2]. However, names of
considered topological spaces follows [8]. We introduce the RC-space
concept, which we think has not been studied and described in the
literature so far. Therefore, we have limited our results to issues that
require the geometric properties of the plane.
2. On RC-spaces
If X is a normal space, then the family of all open sets in X ful-
fils both conditions from Frink’s characterization, i.e., the topology
constitutes a normal base. Indeed, if x ∈ U ⊆ X , then the open set
X \{x} = V is enough for (1) to be fulfilled. The condition (2) is just a
form of the definition of normality. It appears to us that there is a gap
in the literature, since we could not find any information concerning
a space for which the family of all regular open sets is a normal base.
Note that a union of two regular open sets may not be regular open, so
omitting the assumption that a normal (regular) base has to be a ring
is a significant modification, which we introduce for issues discussed
here. We say that a regular space is an RC-space, if every two disjoint
regular closed subsets have disjoint open neighbourhoods. Obviously,
any normal space is an RC-space. We assume that an RC-space is a
regular space, so if x ∈ U , where the set U is regular open, then there
exists a regular open set W such that x ∈ W ⊆ clW ⊆ U , putting
V = X \ clW we have verified (1). By Frink’s characterization, we
get that any RC-space X is completely regular. There exist examples
of T1-spaces with bases consisting of closed-open sets, i.e., examples of
completely regular spaces with regular normal bases, which are not RC-
spaces. These examples are completely regular spaces with a one-point
extension to a regular space, which is not completely regular, for exam-
ple, spaces considering in [7] or [5], also counterexamples constructed
by the method initiated in [4].
Proposition 1. Every regular one-point extension of an RC-space is
completely regular.
Proof. Let Y = X ∪ {∞} be a regular T1-space such that its subspace
X is an RC-space. Suppose F ⊆ Y is a closed set and let p ∈ Y \F and
then choose an open set V such that
p ∈ V ⊆ cl V ⊆ Y \ F.
If p 6=∞, then choose an open set W such that ∞ ∈ W and p /∈ clW .
If f : X → [0, 1] is a continuous function such that f(p) = 0 and
X ∩ (F ∪ clW ) ⊆ f−1(1), then we get a continuous extension of f ,
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putting f(∞) = 1. But if p =∞, then choose open set U such that
p ∈ U ⊆ clU ⊆ V ⊆ clV ⊆ Y \ F.
Next, repeat the usual proof of Urysohn’s lemma – compare [2, Ex.
1.5.G], starting in the first step from the disjoint regular closed sets
clU and cl(X \ clV ). 
3. The Niemytzki plane is an RC-space
Recall, compare [2, p. 39], that the Niemytzki plane L = R× [0,∞)
is a closed half-plane which is endowed with the topology generated by
open discs disjoint with the real axis L1 = {(x, 0) : x ∈ R} and all sets
of the form {a} ∪D where D ⊆ L is an open disc which is tangent to
L1 at the point a ∈ L1.
For methods relevant to normal spaces, compare [2]. Interesting
discussion of the lack of normality of the Niemytzki plane is presented
in [1]. We shall use the following notation. If (x, y) ∈ L2 = L \ L1
and α > 0, then let K((x, y), α) denote the intersection of L and the
open disc centred at (x, y) and of radius α. By K((x, 0), α) we denote
the union of the one-point set {(x, 0)} and the open disc centred at
(x, α) and of radius α. Using elementary properties of the plane, one
immediately checks the validity of the following fact.
Fact 2. Let {(xn, yn)}n<ω, where yn > 0 and xn ∈ R, be a sequence
which converges to a point (x, y) with respect to the Euclidean topology.
If α > 0, then
K((x, y), α
2
) \ {(x, y)} ⊆
⋃
{K((xn, yn), α) : n < ω}. 
The below picture illustrates a proof of Fact 2 for a case y = 0.
(xn, yn)(x, 0)
But if y > 0, then the set K((x, y), α
2
) \ {(x, y)} can be enlarged to
K((x, y), α).
If subsets F,G ⊆ L are fixed, then for every α > 0 we set
Fα = {(x, y) ∈ F : K((x, y), α) ∩G = ∅}.
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Lemma 3. Suppose F and G are closed and disjoint subsets of the
Niemytzki plane. If G is regular closed, then the closure of Fα, with
respect to the Euclidean topology, is disjoint from G.
Proof. Consider a point (x, y) which belongs to the closure of Fα with
respect to Euclidean topology. Since G is regular closed, using Fact 2,
we obtain
G ∩K((x, y), α
2
) \ {(x, y)} = ∅.
But K((x, y), α
2
) is an open neighbourhood of the point (x, y) ∈ L,
hence (x, y) /∈ G. 
In the next lemma we use the following notation. If (x, y) ∈ L and
µ > 0, then let C((x, y), µ) be the circle centred at (x, y) of radius µ.
Lemma 4. Suppose F and G are closed and disjoint subsets of the
Niemytzki plane and let 0 < ε < 1 and 0 < α. If G is regular closed,
then the closure of ⋃
{K((x, y), εα) : (x, y) ∈ Fα},
with respect to the Niemytzki plane, is disjoint from G.
Proof. Fix numbers α, ε and sets F , Fα, G as in the assumptions. For
any point (p, q) ∈ G, we shall find a number γ > 0 such that (x, y) ∈ Fα
implies
K((x, y), εα) ∩K((p, q), γ) = ∅.
To find the appropriate γ > 0, just make γ meet the following restric-
tions. If y > 0, then one checks that the inequality 2γ 6 α − εα is
sufficient, since (p, q) /∈ K((x, y), α). When (x, 0) ∈ Fα, choose a num-
ber β > 0 such that β < dist(Fα, (p, q)) and β < εα, using Lemma
3. Fix (a, b) ∈ C((x, 0), β) ∩ C((x, α), α). Let E be the line passing
through the points (x, εα) and (a, b). Fixing (c, d) ∈ E∩C((x, εα), εα),
one checks that the inequality 2γ < |a− c| is sufficient. 
Theorem 5. The Niemytzki plane is an RC-space.
Proof. Let F andG be regular closed and disjoint subsets of the Niemytzki
plane and let 0 < ε < 1. Consider open sets
Wn =
⋃
{K((x, y), ε
n
) : (x, y) ∈ F 1
n
}
and
Vn =
⋃
{K((x, y), ε
n
) : (x, y) ∈ G 1
n
}.
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By Lemma 4, we have G ∩ clLWn = ∅ and F ∩ clL Vn = ∅. Just like in
the proof of [2, Lemma 1.5.14], we obtain open and disjoint sets⋃
{Wn \ (clL V1 ∪ clL V2 ∪ . . . ∪ clL Vn) : n > 0} ⊇ F
and
⋃
{Vn \ (clLW1 ∪ clLW2 ∪ . . . ∪ clLWn) : n > 0} ⊇ G. 
4. The Sorgenfrey plane is an RC-space
Recall that the Sorgenfrey line S is the real line R with the topology
generated by half-closed intervals of the form [x, y): in other words, one
can consider S as the reals R with the arrow topology. The Cartesian
product S×S = S2 equipped with the product topology is usually called
the Sorgenfrey plane, compare [8, p. 103]. In this section we show that
for any countable m the product space Sm is an RC-space, despite the
fact that for m > 1 it is not a normal space. Our argumentation,
although it is a modified discussion from the previous section, requires
some adjustments and interpretations. Namely, fix a countable cardinal
number m > 0. Let Rm be equipped with the product topology. Thus
Rm is a metric space, since m is countable. We now proceed to use the
short-cut x = {xk}06k<m, for any point x ∈ S
m. If n > 0, then put
x+ 1
n
= {xk +
1
n
}06k<m and
[x,q)n = {y ∈ S
m : xi 6 yi < qi, whenever 0 6 i < min{n,m}},
and then put
P(x, n) =
{
[x,x+ 1
n
)n, if m < n;
[x,x+ 1
n
)n ×
∏
n6k Sk, if n 6 m and Sk = S.
The sets P(x, n) constitute a base for Sm.
Fact 6. Let {xk}k>0 be a sequence which converges to a point x with
respect to Rm. If n > 0, then
intRm P(x, n) ⊆
⋃
{P(xk, n) : k > 0}. 
Given sets F,G ⊆ Sm and a natural number n > 0, put
FG,n = {x ∈ F : P(x, n) ∩G = ∅}.
Lemma 7. Suppose F and G are closed and disjoint subsets of Sm. If
G is regular closed, with respect to Sm, then the closure of FG,n, with
respect to Rm, is disjoint from G.
Proof. Consider a point x ∈ G. We shall find a natural number m > 0
such that
P(x, m) ∩ P(y, 2n) = ∅,
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for any y ∈ FG,n. Since G is regular closed, we can find a base set
P(p, i) ⊂ G ∩ P(x, 2n)
such that i > 2n and xk < pk for 0 6 k < min{2n,m}. Thus we get
that if y ∈ [x − 1
2n
,p + 1
i
)2n, then P(y, n) ∩ P(p, i) 6= ∅. Therefore, if
y ∈ [x− 1
2n
,p+ 1
i
)2n, then y /∈ FG,n. Choosing m > 0 such that
1
m
< pk − xk, for 0 6 k < min{2n,m},
we obtain
P(y, 2n) ∩ P(x, m) = ∅,
for any y ∈ FG,n. 
Theorem 8. If m is a countable cardinal number, then the space Sm is
RC-space.
Proof. Let F and G be regular closed and disjoint subsets of Sm. Con-
sider open sets
Wn =
⋃
{P(x, 2n) : x ∈ FG,n}
and
Vn =
⋃
{P(x, 2n) : x ∈ GF,n}.
By Lemma 7, we get G∩ clSm Wn = ∅ and F ∩ clSm Vn = ∅. Just like in
the proof of Theorem 5 or [2, Lemma 1.5.14], we are done. 
Corollary 9. The Sorgenfrey plane is an RC-space.
Proof. The corollary is special case of Theorem 8, as illustrated in the
following figure.
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z /∈ FG,n
(x1 −
1
2n
, x2 −
1
2n
)
y ∈ FG,n
P(y, 2n)
p = (p1, p2)
P(p, i)
(p1 +
1
i
, p2 +
1
i
)
x = (x1, x2)
P(x, m)
x+ 1
2n
z+ 1
n
G
P(z, n)
If z ∈ [x1 −
1
2n
, p1 +
1
i
)× [x2 −
1
2n
, p2 +
1
i
), then G ∩ P(z, n) 6= ∅, hence
z /∈ FG,n. But if
y /∈ (x1 −
1
2n
, x1 +
1
m
)× (x2 −
1
2n
, x2 +
1
m
),
then P(y, 2n) ∩ P(x, m) = ∅. 
5. More examples of completely regular spaces which
are not RC-spaces
Let L1⊕L2⊕L3 be the sum of three copies of the Niemytzki plane,
for the definition of the sum of spaces see [2, p. 103]. Consider a
quotient X of this sum, obtained by gluing copies of the rationals
Q ⊂ L1 ⊂ L
1 and Q ⊂ L1 ⊂ L
2 and copies of irrationals I ⊂ L1 ⊂ L
2
and I ⊂ L1 ⊂ L
3. This quotient is a completely regular space which is
not an RC-space. Indeed, subspaces L1 ⊂ X and L3 ⊂ X are regular
closed and if V ⊂ X and U ⊂ X are open sets such that L1 ⊂ V and
L3 ⊂ U , then the intersection L2 ∩U ∩ V is non-empty, compare [1] or
[8, pp. 101–102].
Let us note that the above construction of a quotient space X relies
in simplification of the constructions begun in the paper [4]. Of course,
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by analogy one can get many examples which are not RC-spaces, using
other completely regular spaces which are not normal. For example,
let S1 ⊕ S2 ⊕ S3 be the sum of three copies of the plane with the half-
open square topology, compare [8, p. 103]. Consider a quotient Y of
this sum, obtained by gluing copies of the rationals Q = {(α,−α) :
α is a rational number} ⊂ S1 and Q ⊂ S2 and copies of irrationals I =
{(α,−α) : α is a irrational number} ⊂ S2 and I ⊂ S3. According to a
similar argument as for X above, the quotient space Y is completely
regular and is not an RC-space.
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